In this paper we summarize our recent work about perturbative and non-perturbative e ects in four-dimensional heterotic strings with N = 2 space-time supersymmetry.
Introduction
During the last year some major progress has been obtained in the understanding of the nonperturbative dynamics of N = 2 Yang-Mills theories as well as N = 2 superstrings in four dimensions. In this paper we report on some work concerning the computation of perturbative couplings for N = 2 heterotic string theories 1] as well as concerning the non-perturbative monodromies 2] in N = 2 heterotic strings. We will show that in the rigid limit the perturbative and also the non-perturbative monodromies lead to the monodromies discussed by Seiberg and Witten in 3] . Related perturbative results were independently obtained in 4, 5] . Our nonperturbative monodromies should be compared 6] with the results 7, 8, 9, 10] obtained from the string-string duality between the heterotic and type II strings with N = 2 space-time supersymmetry.
Classical results
In this section we collect some results about N = 2 heterotic strings and the related classical prepotential; we will in particular work out the relation between the enhanced gauge symmetries, the duality symmetries and Weyl transformations. We will consider four-dimensional heterotic vacua which are based on compacti cations of six-dimensional vacua on a two-torus T 2 . The moduli of T 2 are commonly denoted by T and U where U describes the deformations of the com- 
The classical monodromy group, which is a true symmetry of the classical e ective Lagrangian, is generated by the elements , g 1 , g 1 : T ! 1=T and g 2 , g 2 : T ! 1=(T ? i). The transformation t: T ! T + i, which is of in nite order, corresponds to t = g ?1 2 g 1 . Whereas PSL(2; Z) T is generated by g 1 and g 2 , the corresponding elements in PSL(2; Z) U are obtained by conjugation with , i.e. g 0 i = ?1 g i . The N = 2 heterotic string vacua contain two further U(1) vector elds, namely the graviphoton eld, which has no physical scalar partner, and the dilaton-axion eld, denoted by S. Thus the full Abelian gauge symmetry we consider is given by U(1) 
As already mentioned the four critical lines are xed under the corresponding Weyl transformation. Thus it immediately follows that the numbers of additional massless states agrees with the order of the xed point transformation at the critical line, points respectively 13].
Let us now express the moduli elds T and U in terms of the eld theory Higgs elds whose non-vanishing vacuum expectation values spontaneously break the enlarged gauge symmetries SU(2) , that follows from the prepotential (6), does not lead to classical gauge couplings which all become small in the limit of large S. Speci cally, the gauge couplings which involve the U(1) S gauge group are constant or even grow in the string weak coupling limit S ! 1. In order to choose a`physical' period vector one has to replace F S by its dual which is weakly coupled in the large S limit. This is achieved by the following symplectic transformation (X I ; iF I ) ! (P I ; iQ I ) where P (7) where X 0 = 1. One sees that in this new basis all electric vector elds P I depend only on T and U, whereas the magnetic elds Q I are all proportional to S.
The basis is also well adapted to discuss the action of the target space duality transformations and, as particular elements of the target space duality group, of the four inequivalent Weyl re ections given in (3). At the classical level the S-eld is invariant under these transformations. The corresponding symplectic matrices for the four inequivalent Weyl re ections then immediately follow from the previous equations (4) and (5).
Perturbative results
Let us rst review the main results about the one-loop perturbative holomorphic prepotential which were derived in 1,5]. Using simple power counting arguments it is clear that the one-loop prepotential must be independent of the dilaton eld S. The same kind of arguments actually imply that there are no higher loop corrections to the prepotential in perturbation theory. Thus the perturbative, i.e. one loop prepotential takes the form F = F Since the target space duality transformations are known to be a symmetry in each order of perturbation theory, the tree level plus one-loop e ective action must be invariant under these transformations, where however one has to allow for discrete shifts in the various angles due to monodromies around semi-classical singularities in the moduli space where massive string modes become massless. Instead of the classical transformation rules, in the quantum theory, (P I ; iQ I ) transform according to P and U belongs to SO(2; 2; Z). Classically, = 0, but in the quantum theory, is a real symmetric matrix, which should be integer valued in some basis.
Besides the target space duality symmetries, the e ective action is also invariant, up to discrete shifts in the -angles, under discrete shifts in the 
Perturbative SU(2) (1) monodromies
Let us now consider the element which corresponds to the Weyl re ection in the rst enhanced SU(2) (1) Under the mirror transformation , T $ U; T ?U ! e ?i (T ?U), and the P transform classically and perturbatively as P 24) with derivatives f T (T; U) = 2 (T ? U) log(T ? U) 3 Note that one can always add polynomials of quadratic order in the moduli to a given f (T;U) 5]. This results in the conjugation of the monodromy matrices. Hence, all the monodromy matrices given in the following are unique up to conjugation. In order to truncate the monodromies of local N = 2 supergravity to the case of rigid N = 2 super Yang-Mills one has to take the limit M pl ! 1 in an appropriate way. Speci cally, one has to freeze, i.e. get rid o the dilaton and graviphoton degrees of freedom. This amounts to truncate the 8 8, Sp(8) monodromy matrices (in case of two Higgs elds) of local supergravity to 4 4, Sp(4) monodromy matrices of rigid supersymmetry. These rigid Sp(4) matrices act within the four-dimensional subspace spanned by the (P 2 ; P 3 ; iQ 2 ; iQ 3 ) which is related to the two Higgs elds a 1 , a 2 and their duals a D1 , a D2 . However this truncation procedure requires some care since in the string case the dilaton as well as the graviphoton are in general not invariant under the Weyl transformations. It follows that the truncated Sp(4) matrices are not simply given by the 4 4 submatrices of the local monodromies as we will show in the following. (31) Next, one has to specify how mirror symmetry is to act on the vev's T 0 and hSi as well as on T and 4 As an alternative 10] one can rst introduce a compensating shift for the dilaton, S ! S ? i, which is generated by ? S in (13) . Then the rigid monodromies are immediately given by the four-dimensional sub-matrices of the local monodromy matrices. This corresponds to a di erent, but equivalent freezing in of the dilaton. We will discuss these issues in a di erent paper 6].
U. We will take that under mirror symmetry T 0 ! T 0 ; T $ U ; hSi ! hSi (32) Note that we have taken hSi to be invariant under mirror symmetry. This is an important difference to (27). Using (32) and that T ? U ! e ?i ( T ? U), it follows that the truncated quan- Note that (37) indeed correctly shows that, under the Weyl re ection in the rst SU(2), the second SU (2) 
Non-perturbative monodromies
In order to obtain some information about non-perturbative monodromies in N = 2 heterotic string compacti cations, we will follow Seiberg/Witten's strategy in the rigid case 3] and try to decompose the perturbative monodromy matrices ? 1 into ? 1 = ? M ? D with ? M (? D ) possessing monopole like (dyonic) xed points. Thus each semi-classical singular line will split into two non-perturbative singular lines where magnetic monopoles or dyons respectively become massless. In doing so we will work in the limit of large dilaton eld S assuming that in this limit the non-perturbative dynamics is dominated by the Yang-Mills gauge forces. Nevertheless, the monodromy matrices we will obtain are not an approximationin any sense, since the monodromy matrices are of course eld independent. They are just part of the full quantum monodromy of the four-dimensional heterotic string.
Let us now precisely list the assumptions we will impose when performing the split of any of the semiclassical monodromies into the nonperturbative ones: This means that S should only transform into a function of T and U (for at least one of the four SU(2) lines, as will be discussed in the following). In the following we will show that under these assumptions the splitting can be performed in a consistent way. We will discuss the non perturbative monodromies for the SU(2) (1) case in big detail. Unlike the rigid case, however, where the decomposition of the perturbative monodromy into a monopole like monodromy and a dyonic monodromy is unique (up to conjugation), it will turn out that there are several distinct decompositions, depending on four (discrete) parameters. Only a subset of these distinct decompositions should be, however, the physically correct one. One way of deciding which one is the physically correct one is to demand that, when truncating this decomposition to the rigid case, one recovers the rigid non perturbative monodromies of Seiberg/Witten. This, however, requires one to have a reasonable prescription of taking the at limit, and one such prescription was given in section (3.2).
4.1. Non-perturbative monodromies for SU(2) (1) The non-perturbative part f NP of the prepotential will depend on the S-eld. We will make the following ansatz for the prepotential w1 D , we will now make the following ansatz: ? w1 1 has a peculiar block structure in that the indices j = 0; 1 of the section (P j ; iQ j ) are never mixed with the indices j = 2; 3. We will assume that ? w1 M and ? w1 D also have this structure. This implies that the problem can be reduced to two problems for 4 4 matrices. Furthermore, we will take ? w1 M to be the identity matrix on its diagonal. The existence of a basis where the non{ perturbative monodromies have this special form will be aposteriori justi ed by the fact that it leads to a consistent truncation to the rigid case.
Taking into account all these assumptions yields 2] the following 8 8 non{perturbative monodromy matrices that depend on four parameters x; y; v; p and consistently describe the splitting of the T = U line ? w1 M = 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 ,p = 0.) The rst and third lines of (48) are, for~ = 1 4 , nothing but the monodromy matrix for one SU (2) Thus, truncating the monopole monodromy matrix (42) to the rigid case appears to produce jumps in the parameters p !p = 0 and !~ as given above. In 2] we presented a eld theoretical explanation for the jumps occuring in the parameters p and when taking the rigid limit. This explanation also determines, as a bonus, the values of the parameters v; y and p: y = 8 3 , p = 
Conclusions
In this paper we have rst discussed the properties of the perturbative prepotential of N = 2 heterotic strings. The derivatives of the holomorphic prepotential determine the low energy e ective Lagrangian of the N = 2 heterotic strings, such as the e ective gauge couplings or the K ahler potential. At the one-loop level the e ective couplings are related to automorphic functions in a very interesting way. In addition we have shown that the semiclassical monodromies associated with lines of enhanced gauge symmetries can be consistently split into pairs of non-perturbative lines of massless monopoles and dyons. Furthermore, all monodromies obtained in the string context allow for a consistent truncation to the rigid monodromies of 3, 15, 16] . Recently the non-perturbative monodromies for the models with the two elds S and T and their rigid limits were also determined by using the string-string duality between heterotic strings and four-dimensional type II strings, compacti ed on a suitably chosen Calabi-Yau space.
The perturbative monodromy (in this case T ! 1 T ) and its decomposition into non-perturbative monopole and dyon monodromies, as computed from the type II Calabi-Yau side, agree with our perturbative and non-perturbative monodromies after introducing a compensating shift for the dilaton, S ! S ? i, which is generated by ? S in (13) . We will come back to these issues in more detail in a future paper 6].
